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1, Introduction., Let X(0,®), Y(0,*), Z2((0,®) x (0,®)) be

r.,i. spaces. The problem of finding necessary and sufficient con-

‘ditions for X (%) Y to be continuously embedded into Z is of -

interest in the theory of integral operators (cf, [7], [2], [u],
[5]).

In [7] tenser products of Orlicz spaces and L(p,q) spaces -

are considered. These results are generalised to the setting of

r.i. spaces in [3], [u].

In [u], [6], we consider the problem of embedding r.i. spaces

{ £ e M((o,*) x (0,*))

with "mixed norms"., Let X(Y)

“f]‘X(Y) H l' f(X,.)Ilyl‘X< w}. then

(1.1) XN C z2=X & YT 2
™

where C_ denotes a continaus embedding.

The question arises whether the trivial implication (1,1) can be

LP

reversed, It is easy to see that if X, Y and Z are spaces

then X(Y) & Z&3X (&X) Y C 2 (See for example (u] )
T

In [7] the following result is proved for tensor products of

L(p,q) spaces,
Theorem A, Let 1 < p < % 1 < q; <*®,4i=1, 2, 3. Then,

L(pyap) (0,%) @ L(p,a,) (0,°) & L(pyay) ((0,2) x (0,2)) if and

only if (i) + , (ii) max {qi, q2} < 4.

LR TS

s L1
Q3 - qi q2

For the Orlicz spaces it is shown in [7] that



Theorem B, Let A, B, C be Young's functions. Then,

L,(0,=) ® Ly(0,) - L {(0,») x (0,#)) if and only if thewe exists
. ,
a constant 8 > 0 such that

a"teo) 37 l(s) < 8 cte.s), Vi, s > o0,
In {4], [6] it is shown that

Theorem C, Let X{(0,w), Y(0,»), Z((0,=), (0,»)) be r,i,

spaces, Then, the following statements are equivalent

(i) AMX) B uy) & M(2)
LS
(ii) A(X) (M(Y)) & M(2)

(iii) 18 >0 such that ¢Z(t.s) < 6¢X(t) ¢Y(s).\ft, s >0

(where AC ), M(C ) denote the Lorentz and Marcinkiewicz spaces

associated with a r.i. space, and ¢X’ ¢Y’ ¢, denote the fundamental
functions of X, Y and Z,)

The purpose of this paper is to give necessary and sufficient
conditions to embedd Crlicz and Lorentz spaces with mixed norms.

Detailed proofs will be given elsewhere,
2. Results, The bassic tools for our research are results in
(1], [v] and [6].

Theorem 1, Let 1<p < », 1 < q; <®, i=1, 2, 3, Then,

L(p,ql) (L(p,q2)) c L(p,qs) ((0,2) x (0,°)) if and only if

(a) max { q,, a5} <p <qy or (b) q; <p, q3 = .

It follows from Theorem A and Theorem 1 that



Corollary 2, Let 1 < p < =, 1 < g < », Then,

[L(p,a) ® L(p,a) & L(p,)]=>[L(p,q)(L(p,q)) & L(p,q)] &= p=q.
kil

Theorem 3, Let A, B, C be Young's functions. Then,

L, (0,)(Lp(0,2)) & L,((0,®) x (0,2))e=>1, (;) Ly © Lge

Theorem 4, Let A, B, C, be Young's functions, Then, the

following statements are equivalent,
(1) L, ® 1; € 1L,
m
ii L.
(ii) LA(LB) C L
iii ] M(
(iii) LA(L(LB)) "LC)

—
(iv) L (ACLE)) & #(L,)

(0

(v) L, g? M(LB) M(LC)

(vi) L, (;) AL & ML)

(vii) 46 > 0 such that 2~ i(s) <9 c‘l(t.s), \/t, s > 0.
The equivalence (i)&ED (v)Ee (vi) & (vii) 1is due to 0'Neil

[7], and the relations (ii) &= (iii) &= (iv) &= (vii) seem to be

new,

3. Outline of Proofs., In [u4], [6] it is proved the

following

Theorem D. Let X(0,»), Y(0,°), Z((0,®) x (0,®)) be r.i.

spaces, Then, X(M(Y)) C 4(Z), whenever 3 M > 0 such that

I8

1
oy (Quld ]y, <4 v oy (lully, ¥oue lco,»).




A simple computation shows that Theorem D implies relations
(iii)e (vii) &> (iv), of Theorem 4, The proof of (ii)<=> (vii) is

very simple and depends on the fact that Ll(Ll) - L1. (See [u]).

The sufficiency of the conditions of Theorem 1 follow readily

from Theorem D and the LP embedding theory ([%]).

The necessity of the conditions is more complicated to prove
and we rely on some constructions given in [1] and [6].

As @n example we giwe a proof of the fcllowing special case of
Theorem 1.

Theorem 1', Let 1 < p < =, 1 < q, <, i=1, 2, Then,

L(p,q,) (L(p,qz)) S L(p,») & q; < P.

Proof. If q, < p, then L(p,q,) (L(p,q,)) & LP(L(p,q,))
GE LP(L(p,w)) C L(p,»)) by Theorem D,
Suppose now that L(p,ql) (L(p,qz)) C L(p,®)s We consider

two cases:

(i) q, = ®, then by Theorem A we have a; < p.

(idi) q, < =
Suppose that q, > p, we shall produce f € L(p,qi) (L(p,qz))
such that £ ¢ L(p,»).

Let o € (0,1) be such that p < a Q5 define

-0

f(x,y) = x(o,(1+x)-1)(y),min{1,[log(x+1)]P}.



Then,
-a
f(x,.)%(t) = X(O,(1+x)—1)(t).min{1,[1og(x+1)] Py,
Thus,
o e T Ty
’f . 1'\’J p ‘ppg'-)£<oo
[ |1f(x, )l'p,q "p,q - (1+x) ﬁoghﬁl) X = .
2 1 e-1
On the other hand,
Fr(t) > t7P V¢ e (0,m)

and therefore,

il {t_a/p.tilp } =

Ilfllp s = sup {f‘;':(’t) t1/p} > sup
’ t >0 t > 0



REFERENCES

‘ P p
[1] w. cwiksL, on (L%4,), L 1(A1))6'q’ Proc. Amer. Math. Soc.
]
B4 (1974), 286-292,

[2] M. MILMAN, Integral transforms of weak type between -
rearrangement invariant spaces, Bull, Amer, Math.

Soc. 81(1975), 761-762,

[3] M. MILMAN, Tensor products of function spaces, Bull, Amer,

Math, Soc, 82(1976), 626-628,

[4] M, MILMAN, Scome new function spaces and their tensor products,

Australian National University, 1977,

[5] M. MILMAN, Stability results for integral operators, Rev, -

Roum,., des Mat. Pur. et Appl. (to appear).

[6] M. MILMAN, Embeddings of Lorentz -~ Marcimkiewicz spaces with

mixed norms, preprint,

[71 R. O'NEIL, Integral transforms and tensor products on Orlicz
spaces and L(p,q) spaces, J. Analyse Math., 21(1968),

1-2760

MM/codea



