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Integral representation for multilinear

causal operators

Nelson Viloria

In this paper, we establish an integral representation theorem for mul-
tilinear causal operators in the space of regulated functions. This theorem
extends the linear case showed by Hönig[2]. In Viloria[5], we show this the-
orem for multilinear continuous operators on cartesian products of spaces of
regulated functions of a real variable taking values on Banach spaces and in
the case when the range is also a regulated functions space.

1 Regulated functions

We consider X,Y,W and Z Banach spaces and [a, b] ⊂ R a closed inter-
val.
A partition of [a, b] is a finite set P = {t0, . . . , tn} with P : a = t0 <

. . . < b = tn. We write n(P ) = n and |P | = max{tr − tr−1 : 1 ≤ r ≤ n(P )}.
We denoted by P[a, b] the set of all partitions of [a, b]. We write P1 ≤ P2 if
P1 ⊂ P2.
A function x : [a, b] → X is called a step function, and we write

x ∈ E([a, b], X), if there exists a partition P = {t0, . . . , tn} of [a, b] such that
x is constant in each (tr−1, tr) for every r, r = 1, . . . , n.
A function x : [a, b] → X is called a regulated function if it has one-

sided limits at every point of [a, b], i.e. if

i) for every t ∈ [a, b) there exists x(t+) = lim
ε↓0
x(t+ ε) and

ii) for every t ∈ (a, b] there exists x(t−) = lim
ε↓0
x(t− ε).

The space of all regulated functions of [a, b] in X is denoted by G([a, b], X).

Theorem 1.1. (Hönig[1], Theorem I.3.1)
Given x : [a, b]→ X, the following properties are equivalent
a) x ∈ G([a, b], X),
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b) x is the uniform limit of step functions,
c) for every ε > 0 there exists P ∈ P[a, b] such that ω

P
(x) < ε, where

ω
P
(x) = sup

1≤r≤n(P )
sup

t,s∈(tr−1,tr)
||x(t)− x(s)||.

Theorem 1.2. (Hönig[1], Theorem I.3.6)
G([a, b], X) endowed with the sup norm is a Banach space.

Definition 1.1. A function x : [a, b] → X is a left regulated function
if x(a) = 0 and x(t) = x(t−) for every t ∈ (a, b]. In this case we write
x ∈ G−([a, b], X). This is a closed subspace of G([a, b], X) ( Hönig[1],
Theorem I.3.11).

Definition 1.2. x ∈ Ω0([a, b], X) if and only if for every ε > 0 the set
{t ∈ [a, b] : ||x(t)|| ≥ ε} is finite.
This definition implies that Ω0([a, b], X) is a closed subspace of G([a, b], X).
In Hönig[2] it is proved that

G([a, b], X) = G−([a, b], X)⊕ Ω0([a, b], X).

Definition 1.3. A function x : [a, b] → L(W,X) is called simply regu-
lated function if for every w ∈W the function

x ∙ w : [a, b] −→ X

t 7−→ x(t)w, is regulated.

In this case we write x ∈ Gσ([a, b], L(W,X)).

Gσ([a, b], L(X,W )) is a Banach space endowed with the sup norm and
G([a, b], L(W,X)) ⊂ Gσ([a, b], L(W,X)) (Hönig[3], Remark 1.5).

2 Functions of bounded semi-variation

Definition 2.1. A partition of a m-block,
m∏

r=1

[ar, br] ⊂ R
m, is a finite

set P =
m∏

r=1

Pr, with Pr ∈ P[ar, br], where ar = to(r) < . . . < tn(r) = br. We

set n(P ) =

m∏

r=1

n(Pr) and |P | =
m∏

r=1

|Pr|. We denoted for P

( m∏

r=1

[ar, br]

)

the

set of all partitions of the m-block.
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Definition 2.2. Let z :
m∏

r=1

[ar, br] −→ Z and P =
m∏

r=1

Pr, with Pr ∈

P[ar, br] and ar = to(r) < . . . < tn(r) = br. Fixing r, we consider an en-
tire i(r) with 1 ≤ i(r) ≤ n and define

Δi(r)z :
r−1∏

j=1

[aj , bj ]×
m∏

j=r+1

[aj , bj ] −→ Z by

(Δi(r)z)(s1, . . . , sr−1, sr+1, . . . , sm) = z(s1, . . . , sr−1, ti(r), sr+1, . . . , sm)

−z(s1, . . . , sr−1, ti(r)−1, sr+1, . . . , sm).

For m = 1, Δiz = z(ti)− z(ti−1) ∈ Z.
For m ≥ 2, we consider q, 1 ≤ q ≤ m; in this case we can calculate
Δi(1)(Δi(2)(. . .Δi(q)z) . . .)(sq+1, . . . , sm) and we denote it by

Δi(1)Δi(2) . . .Δi(q)z.

Definition 2.3. Let X1, . . . , Xm and Y Banach spaces and consider
m∏

r=1

Xr

equipped with the usual product topology induced by the norms on Xr, r =

1, . . . ,m. If x = (x1, . . . , xm) ∈
m∏

r=1

Xr, ||x|| = sup ||xr||.

Λ :
m∏

r=1

Xr −→ Y is called multilinear or m-linear if it is separately linear

in each variable. We write Λ ∈ L(X1, . . . , Xm;Y ) if Λ is m-linear and con-
tinuous (i.e., exist M ≥ 0 such that ||Λ(x1, . . . , xm)|| ≤M ||x1|| ∙ ∙ ∙ ||xm||).

Definition 2.4. Let K :
m∏

r=1

[ar, br] −→ Z. The Vitali variation of K in

m∏

r=1

[ar, br] is given by

V [K] = sup
P
V
P
[K],

where

V
P
[K] =

n(P )∑

i(1),...,i(m)

∣
∣|Δi(1) . . .Δi(m)K

∣
∣ |, P ∈ P

( m∏

r=1

[ar, br]

)

.
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If V [K] < ∞ then K is said to be of bounded Vitali variation in
m∏

r=1

[ar, br] and we write K ∈ BV

( m∏

r=1

[ar, br], Z

)

.

Definition 2.5. Let K :
m∏

r=1

[ar, br] −→ L(X,Y ). TheVitali semi-variation

of K in
m∏

r=1

[ar, br] is defined by

SV [K] = sup
P
SV

P
[K],

where

SV
P
[K] = sup

||xi(1)...i(m)||≤1






∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(xi(1)...i(m))

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
: xi(1)...i(m) ∈ X





.

If SV [K] < ∞ then K is said to be of bounded Vitali semi-variation

and we write K ∈ SV

( m∏

r=1

[ar, br], L(X,Y )

)

.

Theorem 2.1. BV

( m∏

r=1

[ar, br], L(X,Y )

)

⊂ SV

( m∏

r=1

[ar, br], L(X,Y )

)

and

if K ∈ BV

( m∏

r=1

[ar, br], L(X,Y )

)

, then SV [K] ≤ V [K].

Proof. Given K ∈ BV

( m∏

r=1

[ar, br], L(X,Y )

)

, P =
m∏

r=1

Pr with Pr ∈

P[ar, br] and xi(1)...i(m) ∈ X, with 1 ≤ i(r) ≤ n(Pr), r = 1, . . . ,m, such that
||xi(1)...i(m)|| ≤ 1, then

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(xi(1)...i(m))

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
≤

n(P )∑

i(1),...,i(m)

||Δi(1) . . .Δi(m)K|| ≤ V [K].

Hence SV [K] ≤ V [K]. �
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Definition 2.6. For K :
m∏

r=1

[ar, br] −→ L(X1, . . . , Xm;Y ) we have the

Fréchet semi-variation of K in
m∏

r=1

[ar, br] defined by

SF [K] = sup
P
SF

P
[K],

where

SF
P
[K] = sup

||xi(r)||≤1






∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(xi(1), . . . , xi(m))

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
: xi(r) ∈ Xr






If SF [K] <∞ then K is said to be of bounded Fréchet semi-variation

and we write K ∈ SF

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

.

The next theorem is proved analogously as theorem 2.1.

Theorem 2.2. BV

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

⊂ SF

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

.

Moreover, if K ∈ BV

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

, then SF [K] ≤ V [K].

3 Dushnik interior integral

Definition 3.1. Let e, (e
P
)
P∈P being points of a topological space E. We

write e = lim
P
e
P
when for all neighborhood V of e there is P

V
∈ P such that

P ≥ P
V
⇒ e

P
∈ V.

Definition 3.2. Let xr : [ar, br] −→ Xr; r = 1, . . . ,m and

K :
m∏

r=1

[ar, br] −→ L(X1, . . . , Xm;Y ). If lim
P∈P
σ
P
exists, where

P = P

( m∏

r=1

[ar, br]

)

and σ
P
=

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(x1(ξi(1)), . . . , xm(ξi(m))

with ξi(r) ∈ (ti(r)−1ti(r)), then it is called the Dushnik interior integral of
the function x = (x1, . . . , xm) with respect to the kernel K and we denote it
by ∫ b1

a1

. . .

∫ bm

am

ds1...smK(s1, . . . , sm)(x1(s1), . . . , xm(sm)).
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Lemma 3.1. If K ∈ SF

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

and xr ∈ G([ar, br], Xr),

r = 1, . . . ,m, then,

i) there exists Λ
K
x =

∫ b1
a1
. . .
∫ bm
am
ds1...smK(s1, . . . , sm)(x1(s1), . . . , xm(sm)),

ii) Λ
K
is m-linear,

iii) ||Λ
K
x|| ≤ SF [K]||x1|| ∙ ∙ ∙ ||xm||,

iv) if xr ∈ Ω0([ar, br], Xr) for any r = 1, . . . ,m, then ΛKx = 0.

Proof. If xr = 0 for any r or K = 0, then the result is immediate.
Consider then xr 6= 0, r = 1, . . . ,m, and K 6= 0.

i) We will show that the Cauchy criterion holds.

Let ε > 0, then for every r, r = 1, . . . ,m, according to Theorem 1.1,
there exists Pr(ε) ∈ P[ar, br] such that

ωPr(ε)(xr) <
ε||xr||

2SF [K]||x1|| ∙ ∙ ∙ ||xm||
∙

If P ≥ P (ε) =
m∏

r=1

Pr(ε), we can obtain P from P (ε) by inserting

a finite number of points in the partitions Pr(ε). By induction, we
are thus reduced to the case when P is obtained inserting one point
in some partition Pk(ε) for some k, k = 1, . . . ,m. Let Ok the point
considered in some interval of Pk(ε). Thus

σ
P
− σ

P (ε)
=

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(x1(ξi(1)), . . . , xk−1(ξi(k−1)),

xk(ξi(k))− xk(ξOk), xk+1(ξi(k+1)), . . . , xm(ξi(m)))

=
∑n(P )
i(1),...,i(m)Δi(1) . . .Δi(m)K

(
x1(ξi(1))

||x1||
, . . . ,

2SF [K]||x1||∙∙∙||xm||
ε||xk||

(xk(ξi(k) − xk(ξOk)), . . . ,
xm(ξi(m))

||xm||

)
ε

2SF [K] ∙

This yields

||σ
P
− σ

P (ε)
|| ≤ SF [K]

ε

2SF [K]
=
ε

2
∙
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Consequently

P, P̄ ≥ P (ε) =⇒ ||σ
P
− σ

P̄
|| ≤ ε.

ii) Can be proved directly by the definition.

iii) For any P ∈ P

( m∏

r=1

[ar, br]

)

we have

||σ
P
|| =

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K

(
x1(ξi(1))

||x1||
, . . . ,

xm(ξi(m))

||xm||

)
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∙||x1|| ∙ ∙ ∙ ||xm||

≤ SF [K]||x1|| ∙ ∙ ∙ ||xm||.

Thus, taking the limit, it results

||Λ
K
x|| ≤ SF [K]||x1|| ∙ ∙ ∙ ||xm||.

iv) Without loss of generality, we can consider x1 ∈ Ω0([a1, b1], X1). Then
by the definition of Ω0, ∀ε > 0 there exists P1(ε) ∈ P[a1, b1] such that

{t ∈ [a1, b1] : ||x1(t)|| ≥ ε/SF [K]||x2|| ∙ ∙ ∙ ||xm||} ⊂ P1(ε).

Hence, if P =
m∏

r=1

Pr with P1 ≥ P1(ε) and the other partitions being

arbitraries, we get

||σ
P
|| =

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K

(
SF [K]||x2|| ∙ ∙ ∙ |xm||

ε
x1(ξi(1)),

x2(ξi(2))

||x2||
, . . . ,

xm(ξi(m))

||xm||

) ∣∣
∣
∣

∣
∣
∣
∣
ε

SF [K]
< ε.

Then Λ
K
x = 0. �
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Such as in the bilinear case (Prandini[4], Theorem 4.3) the following result
holds

Theorem 3.1. If K ∈ SF

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

and xr ∈ G([ar, br], Xr)

for every r, r = 1, . . . ,m. Then

Λ
K
x =

∫ bm

am

dsm . . .

∫ b1

a1

ds1K(s1, . . . , sm)x1(s1) ∙ ∙ ∙xm(sm).

4 Integral representation

Definition 4.1. Let K :
m∏

r=1

[ar, br],−→ L(X1, . . . , Xm;Z) we write

K ∈ SFam
( m∏

r=1

[ar, br], L(X1, . . . , Xm;Z)

)

when

K(s1, . . . , si−1, ai, si+1, . . . , sm) = 0 ∀i, i = 1, . . . ,m.

Theorem 4.1. The mapping K 7−→ Λ
K
, where

Λ
K
x =

∫ bm

am

dsm . . .

∫ b1

a1

ds1K(s1, . . . , sm)x1(s1) ∙ ∙ ∙xm(sm)

is an isometry between the Banach spaces

SFam

( m∏

r=1

[ar, br], L(X1, . . . , Xm;Z)

)

and
L(G−([a1, b1], X1), . . . , G

−([am, bm], Xm);Z),

moreover

K(s1, . . . , sm)(x̄1, . . . , x̄m) = ΛK (χ(a1,s1]x̄1, . . . , χ(am,sm]x̄m)

and
||Λ

K
|| = SF [K].
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Proof. By Lemma 3.1 the mapping is well defined, linear and continuous,
and we have ||Λ|| ≤ SF [K].
Injectivity: If K 6= 0 there are τr ∈ (ar, br] and x̄r ∈ Xr, r = 1, . . . ,m such
that

K(τ1, . . . , τm)(x̄1, . . . , x̄m) 6= 0.

Let xr = X(ar,τr]x̄r ∈ G
−([ar, br], Xr), then ΛK 6= 0, since

Λ
K
x =

∫ bm
am
. . .
∫ b1
a1
ds1...smK(s1, . . . , sm)(χ(a1,τ1](s1)x̄1, . . . , χ(am,τm](sm)x̄m)

= K(τ1, . . . , τm)(x̄1, . . . , x̄m).

Surjectivity: Give Λ ∈ L(G−[a1, b1], X1), . . . , G−([am, bm], Xm), if there

exists K ∈ SFam
( m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

such that Λ = Λ
K
then

K(τ1, . . . , τm)(x̄1, . . . , x̄m) = Λ(χ(a1,τ1]x̄1, . . . , χ(am,τm]x̄m),

τr ∈ (ar, br] and x̄r ∈ Xr, r = 1, . . . ,m. We are taking this as a definition of
K. To end the proof we must show a) SF [K] ≤ ||Λ|| and b) Λ

K
= Λ.

a) SF
P
[K] = sup

||x̄i(r)||≤1






∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(p)∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(x̄i(1), . . . , x̄i(m))

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
: x̄i(r) ∈ Xr






= sup
||x̄i(r)||≤1






∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(p)∑

i(1),...,i(m)

Λ(χ(ti(1)−1,ti(1)]x̄i(1), . . . , χ(ti(m)−1,ti(m)]x̄i(m))

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣






= sup
||x̄i(r)||≤1






∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
Λ




n(p1)∑

i(1)=1

χ(ti(1)−1,ti(1)]x̄i(1), . . . ,

n(pm)∑

i(m)=1

χ(ti(m)−1,ti(m)]x̄i(m)





∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣






≤ ||Λ||.

b) We have Λ,Λ
K
∈ L(G−([a1, b1], X1), . . . , G−([am, bm], Xm);Y ). In order

to show the equality Λ
K
= Λ it is enough to prove that they coincide on the

elements of the form χ(a1,τ1]x̄1, . . . , χ(am,τm]x̄m since these elements form a
total set in G−([a1, b1], X1), . . . , G

−([am, bm], Xm), respectively. Indeed
Λ
K
(χ(a1,τ1]x̄1, . . . , χ(am,τm]x̄m) =

=

∫ bm

am

. . .

∫ bm

a1

ds1...smK(s1 . . . sm)(χ(a1,τ1](s1)x̄1, . . . , χ(am,τm](sm)x̄m)
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= K(τ1, .., τm)(x̄1, . . . , x̄m)
= Λ(χ(a1,τ1]x̄1, . . . , χ(am,τm]x̄m). �

Consider now the case for operators between function spaces.

Definition 4.2. Let K : [a, b] ×
m∏

r=1

[ar, br] −→ L(X1, . . . , Xm;Y ). We de-

fine Kt :
m∏

r=1

[ar, br] −→ L(X1, . . . , Xm;Y ) and Ksm : [a, b] −→ L(X1, . . . , Xm;Y )

as being

Kt(s1, . . . , sm) = K(t, s1, . . . , sm) = Ksm(t).

Also, consider the following properties:
(Gσ) : K is simply regulated as a function of t, i.e.

Ksm ∈ G
σ([a, b], L(X1, . . . , Xm;Y )).

(SF u) : K is uniformly of bounded Fréchet semi-variation as a
function of (s1, . . . , sm), i.e. SF

u[K] = sup
t∈[a,b]

SF [Kt] <∞.

(SF uam) : K satisfies (SF
u) and K(t, a1, . . . , am) = 0 ∀t ∈ [a, b].

When K verify both (Gσ) and (SF u), then we write

K ∈ Gσ ∙ SF u
(

[a, b]×
m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

.

Analogously when K ∈ Gσ ∙ SF uam .

Theorem 4.2. The mapping K 7−→ Λ
K
, for which

Λ
K
(x1, . . . , xm)(t) =

∫ bm

am

dsm . . .

∫ b1

a1

ds1K(t, s1, . . . , sm)x1(s1) ∙ ∙ ∙xm(sm)

is an isometry between the Banach spaces

Gσ ∙ SF uam

(

[a, b]×
m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)
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and

L(G−([a1, b1], X1), . . . , G
−([am, bm], Xm);G([a, b], Y )),

putting K(t, s1, . . . , sm)(x̄1, . . . , x̄m) = ΛK (χ(a1,s1]x̄1, . . . , χ(am,sm]x̄m)(t). We
have furthermore, ||Λ

K
|| = SF u[K].

Proof. For t ∈ [a, b],Ksm is of bounded Fréchet semi-variation; by other
hand xr is regulated, for r = 1, . . .m, then ΛK (x1, . . . , xm)(t) is well defined.
Analogously, as in the previous theorem linearity and injectivity are direct
consequences of the definition. Again for t ∈ [a, b],

||(Λ
K
x)(t)|| ≤ SF [Kt]||x1|| ∙ ∙ ∙ ||xm||.

Hence

||Λ
K
x|| ≤ SF u[K]||x1|| ∙ ∙ ∙ ||xm||.

Then

||Λ
K
|| ≤ SF u[K].

Surjectivity: Let Λ ∈ L(G−([a1, b1], X1), . . . , G−([am, bm], Xm);G−([a, b], Y )).
By the previous theorem there exists

K̄ ∈ SFam
( m∏

r=1

[ar, br], L(X1, . . . , Xm;G([a, b], Y )

)

such that

Λx =

∫ bm

am

dsm . . .

∫ b1

a1

ds1K̄(s1, . . . , sm)x1(s1) . . . xm(sm),

when

K̄(s1, . . . , sm)(x̄1, . . . , x̄m) = Λ(χ(a1,s1]x̄1, . . . , χ(am,sm]x̄m).

Defining, then,

K : [a, b]×
m∏

r=1

[ar, br] −→ L(X1, . . . , Xm;Y )

as
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K(t, s1, . . . , sm)(x̄1, . . . , x̄m) = (K̄(s1, . . . , sm)(x̄1, . . . , x̄m))(t),

we have

Λ(χ(a1,s1]x̄1, . . . , χ(am,sm]x̄m)(t) = K(t, s1, . . . , sm)(x̄1, . . . , x̄m),

and again

(Λx)(t) =

∫ bm

am

dsm . . .

∫ b1

a1

ds1K(t, s1, . . . , sm)x1(s1) ∙ ∙ ∙xm(sm).

Now we will prove thatK ∈ Gσ∙SF uam

(

[a, b]×
m∏

r=1

[ar, br], L(X1, . . . , Xm;Y )

)

.

a) K(t, a1, . . . , am)(x̄1, . . . , x̄m) = (K̄(a1, . . . , am)(x̄1, . . . , x̄m))(t) = 0.

b) K is uniformy of bounded Fréchet semi-variation in (s1, . . . , sm). In-

deed, let P =
m∏

r=1

Pr, Pr ∈ P[ar, br] and x̄i(r) ∈ Xr with ||x̄i(r)|| ≤

1 ∀i(r), 1 ≤ i(r) ≤ n(Pr), ∀r = 1, . . . ,m. Then
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P )∑

i(1),...,i(m)

Δi(1) . . .Δi(m)K(t)(x̄i(1), . . . , x̄i(m))

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
=

=

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
Λ

( n(P1)∑

i(1)=1

χ(ti(1)−1,ti(1)]x̄i(1), . . . ,

n(Pm)∑

i(1)=1

χ(ti(m)−1,ti(m)]x̄i(m)

)

(t)

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
Λ




n(P1)∑

i(1)=1

χ(ti(1)−1,ti(1)]x̄i(1), . . . ,

n(Pm)∑

i(1)=1

χ(ti(m)−1,ti(m)]x̄i(m)





∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

≤ ||Λ||

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(P1)∑

i(1)=1

χ(ti(1)−1,ti(1)]x̄i(1)

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∙ ∙ ∙

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

n(Pm)∑

i(1)=1

χ(ti(m)−1,ti(m)]x̄i(m)

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
≤ ||Λ||.

Hence

SF [Kt] ≤ ||Λ|| ∀t ∈ [a, b].
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And, then,

SF u[K] ≤ ||Λ||.

c) K is simply regulated as function of the variable t; since Λ takes values
in G([a, b], Y ) according to the definition of K, we have that, for every
(s1, . . . , sm), the function

φ : [a, b] −→ Y

defined by

φ(t) = K(t, s1, . . . , sm)(x̄1, . . . , x̄m),

for all (x̄1, . . . , x̄m), is regulated.

�

For close this section we treat the causal operators case.

Definition 4.3. Let K ∈ Gσ ∙ SF u([a, b]m+1, Lm(X,Y )) where [a, b]m+1 =
m+1∏

r=1

[a, b] and Lm(X;Y ) = L(X, . . . ,X ;Y ). If for every x ∈ X the function

KΔ : [a, b] −→ Y defined by t 7−→ K(t, . . . , t)(x, . . . , x) is regulated, we say
that K is simply regulated on the diagonal and we denote this by

K ∈ GσΔ ∙ SF
u([a, b]m+1, Lm(X;Y )).

If in addition KΔ(t) = 0, for every t ∈ [a, b] then we say that K vanish in
the diagonal and we write

K ∈ Gσ◦ ∙ SF
u([a, b]m+1, Lm(X;Y )).

Definition 4.4. P ∈ Lm(G([a, b], X);G([a, b], Y )) is a causal operador
if for every x ∈ G([a, b], X) and for every T ∈ [a, b],

x|[a,T ] = 0⇒ P (x, . . . , x)|[a,T ] = 0.
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Definition 4.5. Let K ∈ Gσ∙SF u([a, b]m+1, Lm(X;Y )). For x = (x1, . . . , xm)
with xr ∈ G−([a, b], X), r = 1, . . . ,m, we define

(kx)(t) =

∫ t

a

dsm . . .

∫ t

a

ds1K(t, s1, . . . , sm)x1(s1) ∙ ∙ ∙x(sm),

for t ∈ [a, b].

Now we prove that the causal multilinear operators are also representa-
bles.

Theorem 4.3. The mapping K 7−→ k is an isometry between the Banach
space Gσ◦ ∙SF

u([a, b]m+1, Lm(X;Y )) and the subspace of the causal operators
of Lm(G

−([a, b], X);G([a, b], Y )), where ||k|| = SF u[K] and K(t, s1, . . . , sm)
(x̄1, . . . , x̄m) = k(χ(a,t]x̄1, . . . , χ(a,t]x̄m)(t).

Proof. Given K ∈ Gσ ∙ SF u([a, b]m+1, Lm(X;Y )) we define

K̃(t, s1, . . . , sm) =






K(t, s1, . . . , sm) if t ≥ sr, for every r, r = 1, . . . ,m

K(t, t, . . . , t) if t < sr, for some r, r = 1, . . . ,m.

IfK ∈ GσΔ∙SF
u([a, b]m+1, Lm(X;Y )), then K̃ ∈ GσΔ.SF

u([a, b]m+1, Lm(X;Y )).
In addition, we have

(kx)(t) =

∫ t

a

dsm . . .

∫ t

a

ds1K(t, s1, . . . , sm)x1(s1) . . . xm(sm)

=

∫ b

a

dsm . . .

∫ b

a

ds1K̃(t, s1, . . . , sm)x1(s1) . . . xm(sm).

As in the previous theorem we have

kx ∈ G([a, b], Y ), x = (x1, .., xm)

with
xr ∈ G([a, b], X), r = 1, . . . ,m.

Reciprocally, if Λ ∈ Lm(G−([a, b], X);G([a, b], Y )) is a causal opera-
tor then, by the previous theorem, there exits K̄ ∈ Gσ ∙ SF ua ([a, b]

m+1,

Lm(X;Y )) such that
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(Λx)(t) =

∫ b

a

dτm . . .

∫ b

a

dτ1K̄(t, τ1, . . . , τm)x1(τ1) ∙ ∙ ∙xm(τm)

where K̄(t, τ1, . . . , τm) = Λ(χ(a1,τ1]x̄1, . . . , χ(am,τm]x̄m)(t), t ∈ [a, b], x̄r ∈ X
and τr ∈ (a, b], r = 1, . . . ,m.
Since Λ is causal, for sr ≥ t, r = 1, . . . ,m, we have

Λ(χ(a,s1]x̄1, . . . , χ(a,sm]x̄m)(t) = Λ(χ(a,t]x̄1, . . . , χ(a,t]x̄m)(t),

i.e.

K̄(t, s1, . . . , sm)(x̄1, . . . , x̄m) = K̄(t, . . . , t)(x̄1, . . . , x̄m).

Once more:

(Λx)(t) =

∫ t

a

dsm . . .

∫ t

a

ds1K̄(t, s1, . . . , sm)x1(s1) ∙ ∙ ∙xm(sm).

If xr(sr) = c̄r, we have

(Λx)(t) =
∫ t
a dsm . . .

∫ t
a ds1K̄(t, s1, . . . , sm)c̄1 . . . c̄m

= K̄(t, . . . , t) +
2m∑

si∈{t,a}

(−1)#(a)K̄(t, s1, . . . , sm)c̄1 . . . c̄m,

where #(a) =
m∑

i=1

δi, with δi =






1 if si = a,

0 if si = t.

Since Λx is simply regulated and K ∈ Gσ ∙ SF u then the mapping
t 7−→ K̄(t, s, . . . , s) is regulated and hence the mapping t 7−→ K̄(t, . . . , t)
is regulated. Then K̄ ∈ GσΔ ∙ SF

u([a, b]m+1, Lm(X;Y )).
Let K(t, s1, . . . , sm) = K̄(t, s1, . . . , sm)− K̄(t, t, . . . , t). Then

K̄ ∈ GσΔ ∙ SF
u and K(t, . . . , t) = 0 for every t ∈ [a, b]. Hence KΔ(t) = 0 for

every t ∈ [a, b] and

K ∈ Gσ◦ ∙ SF
n

and

(Λx)(t) =

∫ t

a

dsm . . .

∫ t

a

ds1K(t, s1, . . . , sm)x1(s1) ∙ ∙ ∙xm(sm).

�
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