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Resumen

Un problema bien conocido en la teoría de envolturas es la caracterización de los anillos para
los cuales los módulos (finitamente generados, finitamente presentados, simple) tienen una
(pre)envoltura proyectiva. En estas notas introducimos los módulos S−proyectivos para una
clase arbitraria S de módulos finitamente generados, y caracterizamos de manera general los
anillos para los cuales cada módulo en S tiene una preenvoltura proyectiva.

Palabras Claves: Envolturas proyectivas, Módulos f−proyectivos, módulos simple - proyec-

tivo, módulos finitamente generados.

Abstract

A well known problem in the theory of envelopes is to characterize those rings having the
property that every (finitely generated, finitely presented, simple) module has a projective
(pre)envelope. In these notes we introduce the S-projective modules for an arbitrary class S
of finitely generated modules, and characterize in this general setting those rings for which
every module in S have a projective preenvelope.

key words. Projective envelopes, f -projective modules, simple-projective modules, finitely gene-

rated modules.
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1 Introduction

Let F be a class of R-modules and M an R-module. The concepts of F-(pre)envelope and F-

(pre)cover of M were introduced by Enochs [4]. The homomorphism f : M → F , where F ∈ F ,

is called a F-preenvelope of M if for every homomorphism g : M → F ′, where F ′ ∈ F , there

exists a homomorphism h : F → F ′ such that hf = g. Furthermore, f is called a F-envelope of

M if every homomorphism h : F → F such that hf = f is an automorphism. The F-precover
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and F-cover of M are defined dually. The F-envelope and F-cover of a module if it exists it is

unique.

A classical problem in this theory is the characterization of those rings having the proper-

ty that every (finitely generated, finitely presented, simple) module has a (pre)envelope or a

(pre)cover in a given class. In these notes we are concerned with projective (pre)envelopes of

modules, i.e. F-envelopes when F is the class of projective modules.

It is well known [3] that a ring R is left coherent (resp. π-coherent) if and only if every finitely

presented (resp. finitely generated) right R-module has a projective preenvelope. More recently,

Mao [6] considered the problem of characterizing the rings for which every simple right R-module

have a projective preenvelope; these turned out to be the right SPP rings, i.e. rings for which

the left annihilator of every maximal right ideal is finitely generated.

In Section 2 we introduce for an arbitrary class S of finitely generated modules, the concept

of S-projective module. This is a natural generalization of the concepts f -projective [3] and

the simple-projective [6] modules which played an important role in both papers. Following the

results in [6] and having in mind the concept of locally initially small classes introduced in [7], we

characterize the rings for which every module in S has a projective preenvelope. In particular,

when S consists of the cyclic modules, we deduce that the rings R for which every cyclic right

R-module has a projective preenvelope are those whose left annihilator of every right ideal of R

is finitely generated.

2 S-projective modules

In this section, S will denote a class of finitely generated right R-modules.

Definition 2.1 A right R-module M is S-projective if for every homomorphism f : S → M ,

where S ∈ S, there exists homomorphisms g : S → L and h : L → M , where L is a free module,

such that f = hg.

S
f

−→ M

g ց րh

L

We denote by S-proj the class of S-projective modules.

Remark 2.2 Since S is finitely generated, then if there is such a factorization then there is one

through a finitely generated free module.
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Example 2.3 Every projective module is S-projective. In fact, let f : S → P be a homomor-

phism, where S ∈ S and P is projective. Then P is a direct summand of a free module L, so

there exists homomorphisms u : P → L and v : L → P such that v ◦ u = 1P . Then

v (uf) = 1P f = f

and so f factors through a free module.

Example 2.4 If S is the class of simple Z-modules, then Z
N is S-projective but not projective.

Proposition 2.5 The class S-proj is closed under direct summands.

Proof. Let P be a direct summand of a S-projective module M . Then there exists homo-

morphisms u : P → M and v : M → P such that vu = 1P . Let f : S → P be an homomorphism,

where S ∈ S. Since M is S-projective, there exists homomorphisms g : S → L and h : L → M ,

where L is free, such that uf = hg. It follows that

v (hg) = v (uf) = 1P f = f

and so P is S-projective.

Proposition 2.6 The class S-proj is closed under pure submodules.

Proof. Let Q be a pure submodule of a S-projective module N . For every S ∈ S and

homomorphism f : S → Q, there exists a finitely generated free module L and homomorphisms

g : S → L and h : L → N such that jf = hg, where j : Q → N is the inclusion. Let φ : H → N

be a pure epimorphism, where H is pure-projective. Consider the pullback diagram for j and φ :

0 → K
λ
→ H

πφ
→ N/Q → 0

↓α ↓φ ↓1

0 → Q
j
→ N

π
→ N/Q → 0

Since L is projective, there exists a homomorphism l : L → H such that h = φl. Hence

πφlg = πhg = πjf = 0

which implies (lg) (S) ⊆ K. Since λ is a pure monomorphism we may consider K as a pure

submodule of H. Let x1, . . . , xn be a generator set for S. By [9], there exists a homomorphism
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k : H → K such that klg (xi) = lg (xi) for every i = 1, . . . , n. Consequently, klg (x) = lg (x) for

every x ∈ S and

αklg (x) = jαklg (x) = φλklg (x) = φλlg (x) = φlg (x)

= hg (x) = f (x)

for every x ∈ S. Hence αklg = f and so Q is a S-projective module.

Recall that a class F of right R-modules is locally initially small [7] if for every right R-module

M there exists a set FM ⊆ F such that every homomorphism M → F , where F ∈ F , factors

through a direct product of modules in FM .

Corollary 2.7 The class S-proj is locally initially small.

Proof. It follows from Proposition 2.6 and [7].

Let A and B be right R-modules and B∗ = HomR (B,R) the dual module of B. We denote

by ΓA,B the natural homomorphism ΓA,B : A ⊗
R

B∗ → HomR (B,A) which satisfies

ΓA,B (a ⊗ g) (b) = ag (b) (1)

for all a ∈ A, g ∈ B∗ and b ∈ B.

The following result was proved for simples modules [6], however it can be extended to any

class S of finitely generated modules.

Proposition 2.8 The following conditions are equivalent:

1. A is a S-projective module;

2. ΓA,B is an epimorphism for every B ∈ S.

Proof. 1. ⇒ 2. Let B ∈ S and f ∈ HomR (B,A). Since A is a S-projective module, there

exists homomorphisms g : B → Rn and h : Rn → A such that f = hg. For each i = 1, . . . , n, let

πi : Rn → R and µi : R → Rn be the canonical projections and injections. Set ai = hµi (1) and

gi = πig. It follows easily from (1) that for every b ∈ B

ΓA,B

(

n
∑

i=1

ai ⊗ gi

)

(b) = f (b)
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2. ⇒ 1. Let B ∈ S and f ∈ HomR (B,A). By hypothesis there exists ai ∈ A and gi ∈ B∗

such that

ΓA,B

(

n
∑

i=1

ai ⊗ gi

)

= f

Define g : B → Rn by

g (b) = (g1 (b) , . . . , gn (b))

for every b ∈ B and h : Rn → R by

h (r1, . . . , rn) =

n
∑

i=1

airi

Again by (1) it is easy to see that hg = f .

3 Projective envelopes in a class of finitely generated modules

Now we can state our main result.

Theorem 3.1 The following conditions are equivalent:

1. Every S ∈ S has a projective preenvelope;

2. Every S ∈ S has a free preenvelope;

3. Every S ∈ S has a S-projective preenvelope;

4. Every R-module has a S-projective preenvelope;

5. The class S-proj is closed under direct products;

6. RI is a S-projective module for every set I;

7. S∗ is finitely generated for every S ∈ S.

Proof. 1. ⇔ 2. Let S ∈ S and f : S −→ P a projective preenvelope. P is a direct summand

of a free module L, so there exists homomorphisms u : P −→ L and v : L −→ P such that

vu = 1P . We will show that uf is a free preenvelope. Let g : S −→ L′ be a homomorphism,

where L′ is a free module

S
f

−→ P

g ↓ u ↓↑v

L′ L
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Since f : S −→ P is a projective preenvelope, there exists a homomorphism h : P −→ L′ such

that hf = g. It follows then

hv (uf) = h (vu) f = hf = g

and so uf is a free preenvelope.

2. ⇒ 3. Let S ∈ S and f : S → L a free preenvelope. Clearly, L is S-projective. Let

g : S → M be a homomorphism such that M is S-projective.Then there exists homomorphisms

u : S → K and v : K → M , where K is a free module and g = vu. Since f is a free preenvelope,

there exists a homomorphism w : L → K such that wf = u. Consequently, (vw) f = vu = g.

3. ⇒ 2. Let S ∈ S and f : S → M a S-projective preenvelope. Then there exists homomor-

phisms g : S → L and h : L → M , where L is free, such that f = gh. We show that g is a free

preenvelope. Let u : S → L′ be a homomorphism where L′ is free. Since L′ is S-projective and f

is a S-projective preenvelope, there exists a homomorphism v : M → L′ such that vf = u. Then

(vh) g = vf = u.

3. ⇒ 5. Let {Mi}i∈I be a family of S-projective modules and f : S →
∏

i∈I

Mi a homomorphism,

where S ∈ S. Consider the projections πi :
∏

i∈I

Mi → Mi, for each i ∈ I. Let g : S → M be a

S-projective preenvelope of S. For each i ∈ I there exists homomorphisms gi : M → Mi such that

gig = πif . On the other hand, since M is S-projective there exists homomorphisms u : S → L

and v : L → M , where L is a free module, such that g = vu.

S
f

−→
∏

i∈I

Mi

ցu

↓g L ↓πi

ւv

M
gi
−→ Mi

By the universal property of the direct product, there exists a (unique) homormophism h : L →
∏

i∈I

Mi such that πih = giv. Consequently, for each i ∈ I

πihu = givu = gig = πif

and so hu = f . This shows that
∏

i∈I

Mi is S-projective.

4. ⇐⇒ 5. By [7], every R-module has a S-projective preenvelope if and only if the class S-proj

is locally initially small and Summ (S-proj) is closed under direct products. By Proposition 2.5

Summ (S-proj) = S-proj and by Corollary 2.7, S-proj is locally initially small.
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4. ⇒ 3. This is clear.

5. ⇒ 6. This is clear because R is S-projective.

6. ⇒ 7. Let S ∈ S and I a set of indices. We have the following commutative diagram

RI
R ⊗ S∗

Γ
RI

R
,S

−→ HomR

(

S,RI
R

)

ϕ ↓
θ

ր

(S∗)I

where θ and ϕ are the canonical homomorphisms. Since RI is a S-projective module, it follows

from Proposition 2.8 that ΓRI
R

,S is an epimorphism, which implies that ϕ = θ−1ΓRI
R

,S is also an

epimorphism. The result follows from [8, Lemma 13.1].

7. ⇒ 1. Let S ∈ S and f1, . . . , fn a set of generators of S∗. Define f : S −→ Rn by

f (x) = (f1 (x) , . . . , fn (x))⊥

We will show that f is a projective preenvelope of S. Let g : S → P be a homomorphism where P

is projective. Since P is S-projective there exists homomorphisms u : S → Rm and v : Rm → P

such that g = vu. For each i = 1, . . . ,m, consider the projections πi : Rm → R. Then

πiu = ri1f1 + · · · + rinfn

Define ϕ : Rn → Rm by

ϕ =











r11 · · · r1n

r21 · · · r2n

...
...

rm1 · · · rmn











For each x ∈ S and i ∈ I

πiϕf (x) = πiϕ (f1 (x) , . . . , fn (x))⊥

= πi











r11 · · · r1n

r21 · · · r2n

...
...

rm1 · · · rmn











(f1 (x) , . . . , fn (x))⊥

= πi







r11f1 (x) + · · · + r1nfn (x)
...

rm1f1 (x) + · · · + rmnfn (x)







= rif1 (x) + · · · + rinfn (x) = πiu (x)
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Hence, ϕf = u. Finally,

vϕf = vu = g

which shows that f is a projective preenvelope of S.

Theorem 3.1 unifies the results obtained by Ding and Chen [3], Mao [6], on the existence of

projective preenvelopes of finitely generated, finitely presented or simple modules, respectively.

Furthermore, in the case of cyclic modules we have the following result.

Corollary 3.2 The following conditions are equivalent:

1. Every cyclic right R-module has a projective preenvelope;

2. Every cyclic right R-module has a free preenvelope;

3. Every cyclic right R-module has a cyclic-projective preenvelope;

4. Every right R-module has a cyclic-projective preenvelope;

5. The class of cyclic-projective modules is closed under direct products;

6. RI
R is a cyclic-projective module for every set I;

7. C∗ is finitely generated for every cyclic right R-module C;

8. The left annhilator of every right ideal of R is finitely generated.

Proof. Set S equal to the class of cyclic right R-modules in Theorem 3.1. 7 ⇐⇒ 8 is a

consequence of the fact that C is cyclic if and only if C ∼= R/I, where I is a right ideal of R,

together with the natural isomorphism (R/I)∗ ∼= lR (I), the left annhilator of I.

Remark 3.3 If R is a semiperfect ring, then condition 1 in Theorem 3.1 can be replaced with

“every S ∈ S has projective envelope”. In fact, if S∗ is finitely generated for S ∈ S , then since R

is semiperfect, there exists a projective cover f : P → S∗, where P is projective finitely generated.

Then as in [2, Proposition 1], it can be shown that S
σS→ S∗∗ f∗

→ P ∗ is a projective envelope of S.
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